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Abstract
In this paper, masses and radii of Σ−
u
states hybrid charmonium mesons are calculated by
numerically solving the Schro¨dinger equation with non-relativistic potential model. Results
for calculated masses of Σ−
u
states charmonium hybrid mesons are found to be close to the
results obtained through lattice simulations. Calculated masses are used to construct Regge
trajectories. It is found that the trajectories are almost linear and parallel.
I. INTRODUCTION
Study of charmonium mesons is very important in particle physics. Conventional charmonium
mesons, that can be described by the quark model, are the charm quark–antiquark pairs bounded
with ground state gluonic field; while hybrid charmonium mesons are the quark–antiquark pairs
with excited state gluonic field. In [1, 2], quarkonium hybrid mesons are discussed through
lattice simulations and potentials for different states of quarkonium hybrids are plotted in fig.3
of [2]. These states are characterized by quantum numbers, J, L, S, Λ, η, and ǫ, where J =
L ⊕ S with L as the orbital angular momentum quantum number and S as the spin angular
momentum quantum number. Λ is the projection of the total angular momentum of gluons
and for Λ = 0,±1,±2,±3, ...., meson states are represented as Σ,Π,∆ and so on [1]. η is the
combination of parity and charge and for η = P ◦ C = +,−, states are labelled by sub-script
g, u [1]. ǫ is the eigen value corresponding to the operator P and is equal to +,−. Parity and
charge for hybrid static potentials are defined as [1]
P = ǫ(−1)L+Λ+1, C = ǫη(−1)L+Λ+S , (1)
The low-lying static potential states are labelled as Σ+g ,Σ
−
g ,Σ
+
u ,Σ
−
u ,Πg,Πu,∆g,∆u and so
on[1]. Σ+g is the low-lying potential state with ground state gluonic field and is approximated
by a coulomb plus linear potential. The Πu and Σ
−
u are the QQ potential states with low
lying gluonic excitations. Linear plus coulombic potential model is extended in [3] for Πu states
by fitting the suggested ansatz with lattice data[2] and the extended model is tested by finding
properties of mesons for a variety of JPC states in refs.[3, 4, 5, 6]. In ref.[7], linear plus coulombic
potential model is extended for lowest excited hybrid state, Σ−u by fitting the lattice data [1]
with the suggested analytical expression (ansatz). The validity of suggested ansatz is tested
by calculating the spectrum of Σ−u state bottomonium mesons. In this paper, this extended
potential model[7] is used to calculate the spectrum and radii of the of Σ−u charmonium hybrid
mesons. For this purpose, Born-Oppenheimer formalism and adiabatic approximation is used.
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Using these calculated masses of Σ−u states hybrid charmonium mesons, their Regge trajectories
are constructed.
A Regge trajectory is a graph of mass square versus the angular momentum quantum number
(or the principle quantum number) of a particular family of particles. Different potential models
give different Regge trajectories as in [8],[9],[10],[11]. In 1985, Godfrey and Isgur [11] solved
the Schrodinger equation with the incorporation of spin-spin and spin-orbit interactions and
obtained linear Regge trajectories. Linear Regge trajectories are also observed in [10], [11],
[12], [13] while non-linear Regge trajectories are observed in ref.[8, 14]. Regge trajectories for
charmonium and bottomonium mesons with spinless Salpeter-type equation by employing the
Bohr-Sommerfeld quantization approach are presented by Chen in ref.[15].
This paper is organised as: In the section 2 of this paper, Potential model for Σ−u is defined
while methodology of calculation of mass and radii is explained in section 3 and 4. Regge trajec-
tories are constructed in section 5 whose properties like linearity and parallelism are observed,
while the discussion on results and concluding remarks are written in section 6.
2. POTENTIAL MODEL FOR Σ−u STATES
The potential model [16] for conventional mesons is extended in ref.[7] for the study of Σ−u
bottomonium mesons. This potential model for Σ−u charmonium states can be written as:
V (r) =
−4αs
3r
+br+
32παs
9mcmc
(
σ√
π
)3e−σ
2r2
Sc.Sc+
4αs
m2cr
3
ST+
1
m2c
(2αs
r3
− c
2r
)
L.S+A′exp(−B′rP ′)+C ′.
(2)
The terms −4αs
3r
, br, Sc.Sc, L.S, and ST are defined in [4],[7],[16]. Spin-orbit and colour
tensor terms are equal to zero [16] for L = 0. Constituent mass of charm quark, mc, is taken to
be 1.454 GeV [17]. The parameters (αs, b, σ) used in this potential model are taken from [17]
and equal to 0.5315, 0.1583 GeV2, and 1.105 GeV respectively. The parameters (A′, B′, P ′, C ′)
are found in ref.[7] by fitting A′exp(−B′rP ′)+C ′ with the lattice data [2] and fitted parameters
are:
A′ = 11.5917GeV, B′ = 4.6119, P ′ = 0.2810, C ′ = 0.9589.
3. MASS OF Σ−u STATES
For Σ−u states, radial Schro¨dinger equation can be written as [7]:
U ′′(r) + 2µ
(
E − V (r)− L(L+ 1)− 2Λ
2 +
〈
J2g
〉
2µr2
)
U(r) = 0, (3)
Here, V(r) is the potential defined above in eq. (2), U(r) = rR(r), where R(r) is the radial wave
function.
〈
J2g
〉
is the square of gluon angular momentum and
〈
J2g
〉
= 2 [1] for Σ−u state. Λ is
the projection of gluon angular momentum and Λ = 0 [1] for Σ−u state. Numerical solutions of
the Schro¨dinger equation for Σ−u states are found by the shooting method. At small distance (r
→ 0), wave function becomes unstable due to very strong attractive potential. This problem is
solved by applying smearing of position co-ordinates by using the method discussed in ref. [11].
Masses of Σ−u state charmonium mesons are calculated by adding the constituent quark
masses to the energy E , i.e;
Mcc = mc +mc + E. (4)
2
Figure 1: Regge trajectories for 1S0,
1P1,
1D2 hybrid charmonium Σ
−
u states. Dashed lines are
for Regge trajectories constructed with calculated masses (shown by dots). Solid lines are for
the Regge trajectories obtained with M2cc = αJ + α0.
4. RADII
To find the root mean square radii of the gluonic excited Σ−u charmonium states, following
relation is used: √
〈r2〉 =
√∫
U⋆r2Udr. (5)
Calculated masses and radii for Σ−u states are reported in Table 1.
5. REGGE TRAJECTORIES
Using the calculated masses of charmonium meson (given in Table 1), Regge trajectories are
constructed in (J,M2cc) and (n,M
2) planes. To construct the Regge trajectories, particle’s states
are selected with consecutive values of J. In figs. 1, 2, 3 and 4, Regge trajectories are constructed
in (J,M2) planes for Σ−u state hybrid charmonium mesons by using the following relation [14]
M2cc = αJ + α0, (6)
Slope (α) and intercept (α0) are found by fitting the above equation with equation of straight
line for particular set of particles that lie on a single trajectory. The fitted slopes and intercepts
are given in Table 2.
In figs. 5 Regge trajectories are constructed in (n,M2) plane for Σ−u state hybrid charmonium
by using the following relation:
M2cc = β(n− 1) + β0, (7)
Here, n is the principle quantum number. Slope (β) and intercept (β0) of the above equation
are found by fitting it with equation of straight line for particular set of particles that lie on a
single trajectory. The fitted slopes and intercepts are given in Table 3.
6. DISCUSSION AND CONCLUSIONS
In this paper, potential model for lowest lying Σ−u state hybrids is used to calculate the spectrum
and radii of 1S − 6S, 1P − 6P , 1D − 4D hybrid charmonium states and results are written in
Table 1. Calculated masses are close to the the results given in ref.[18] as shown in Table 1. In
ref. [18], spectrum is calculated without including the spin, so the same mass is given for ηhc and
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Table 1: Calculated masses and radii of cc hybrid Σ−u charmonium mesons.
Meson JPC mass mass, [18] radii
GeV GeV fm
ηhc (1
1S0) 0
++ 4.5151
4.487(5)
0.6774
J/ψh(13S1) 1
+− 4.5234 0.6878
ηhc (2
1S0) 0
++ 4.9526
4.933(9)
1.0574
J/ψh(23S1) 1
+− 4.962 1.0684
ηhc (3
1S0) 0
++ 5.3191 1.3805
J/ψh(33S1) 1
+− 5.3287 1.391
ηhc (4
1S0) 0
++ 5.6451 1.6702
J/ψh(43S1) 1
+− 5.6544 1.6801
ηhc (5
1S0) 0
++ 5.9437 1.9369
J/ψh(53S1) 1
+− 5.9528 1.9463
ηhc (6
1S0) 0
++ 6.2223 2.1866
J/ψh(63S1) 1
+− 6.2311 2.1954
hhc (1
1P1) 1
−− 4.6856
4.623(6)
0.8008
χc0(1
3P0) 0
−+ 4.6263 0.7607
χh1 (1
3P1) 1
−+ 4.6785 0.7951
χh2 (1
3P2) 2
−+ 4.7044 0.8192
hhc (2
1P1) 1
−− 5.0871
5.058(10)
1.1612
χh0 (2
3P0) 0
−+ 5.0578 1.1384
χh1 (2
3P1) 1
−+ 5.0866 1.1609
χh2 (2
3P2) 2
−+ 5.0989 1.1743
hhc (3
1P1) 1
−− 5.4347 1.4725
χh0 (3
3P0) 0
−+ 5.4156 1.4583
χh1 (3
3P1) 1
−+ 5.4365 1.4745
χh2 (3
3P2) 2
−+ 5.4442 1.4835
hhc (4
1P1) 1
−− 5.7485 1.764
χh0 (4
3P0) 0
−+ 5.7347 1.7441
χh1 (4
3P1) 1
−+ 5.7515 1.7572
χh2 (4
3P2) 2
−+ 5.7569 1.764
hhc (5
1P1) 1
1−− 6.0384 2.0147
χh0 (5
3P0) 0
−+ 6.028 2.0074
χh1 (5
3P1) 1
−+ 6.0422 2.0185
χh2 (5
3P2) 2
−+ 6.0462 2.024
hhc (6
1P1) 1
−− 6.3104 2.2596
χh0 (6
3P0) 0
−+ 6.3023 2.2541
χh1 (6
3P1) 1
−+ 6.3146 2.2638
χh2 (6
3P2) 2
−+ 6.3176 2.2684
ηhc2(1
1D2) 2
++ 4.8941
4.814(7)
0.9572
ψh1 (1
3D1) 1
+− 4.8517 0.9088
ψh2 (1
3D2) 2
+− 4.89 0.9494
ψh3 (1
3D3) 3
+− 4.913 0.9846
ηhc2(2
1D2) 2
++ 5.2608 1.2966
ψh1 (2
3D1) 1
+− 5.2354 1.2695
ψh2 (2
3D2) 2
+− 5.2593 1.2934
ψh3 (2
3D3) 3
+− 5.2736 1.3131
ηhc2(3
1D2) 2
++ 5.5878 1.5951
ψh1 (3
3D1) 1
+− 5.5692 1.5759
ψh2 (3
3D2) 2
+− 5.5874 1.5936
ψh3 (3
3D3) 3
+− 5.5978 1.6078
ηhc2(4
1D2) 2
++ 5.5878 1.8674
ψh1 (4
3D1) 1
+− 5.5692 1.8526
ψh2 (4
3D2) 2
+− 5.5874 1.867
ψh3 (4
3D3) 3
+− 5.5978 1.8782
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Figure 2: Regge trajectories for 3P0,
3D1 hybrid charmonium Σ
−
u states. Dashed lines are for
Regge trajectories constructed with calculated masses (shown by dots). Solid lines are for the
Regge trajectories obtained with M2cc = αJ + α0.
Figure 3: Regge trajectories for 3S1,
3P2,
3D3 hybrid charmonium Σ
−
u states. Dashed lines are
for Regge trajectories constructed with calculated masses (shown by dots). Solid lines are for
the Regge trajectories obtained with M2cc = αJ + α0.
Figure 4: Regge trajectories for 3P1,
3D2 hybrid charmonium Σ
−
u states. Dashed lines are for
Regge trajectories constructed with calculated masses (shown by dots). Solid lines are for the
Regge trajectories obtained with M2cc = αJ + α0.
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Figure 5: Regge trajectories for S, P, D hybrid charmonium Σ−u states. Solid green color lines
are for Regge trajectories constructed with M2cc = β(n − 1) + β0. Blue curves are for Regge
trajectories constructed with calculated masses shown by dots. 1S0 state trajectory is shown
by blue solid lines while 3S1 state rajectory is shown by dashed blue line.
1P1,
3P0, 3P1,
3P2
are shown by dashed, dotted, dot-dashed and thick lines respectively. 1D2,
3D1, 3D2,
3D3 are
shown by dashed, dotted, dot-dashed and thick lines respectively.
Table 2: Parameters Σ−u states of charmonium meson.
n α α0
Fig.1
1 1.783 20.3147
2 1.5739 24.4537
3 1.4653 28.2188
4 1.3983 31.7937
Fig.2
1 2.1363 21.4027
2 1.8281 25.5813
3 1.6873 29.3287
4 1.6053 32.8868
Fig.3
1 2.0237 19.8646
2 1.7867 24.0868
3 1.6635 27.892
4 1.5888 31.491
Fig.4
1 1.8382 18.5669
2 1.5947 22.9543
3 1.4702 26.8496
4 1.3953 30.5017
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Table 3: Parameters Σ−u states of charmonium meson.
n β β0
S states
1S0 3.6465 20.737
3S1 3.6528 20.82
P states
1P1 3.5598 22.2169
3P0 3.6402 21.7754
3P1 3.5816 22.1758
3P2 3.5455 22.3667
D states
1D2 3.5682 24.0265
3D1 3.6466 23.6442
3D2 3.5828 23.9908
3D3 3.54 24.2016
J/ψh. However, our proposed potential model gives distinguished results for S = 0 and S = 1.
As observed from Table 1, the lowest calculated mass of the Σ−u state hybrid charmonium is
4.5151 GeV. Difference between the mass obtained in [18] and the calculated mass is 0.0281 GeV
for the lowest state. In ref. [2], the lowest mass of Σ−u charmonium state is 4.6 GeV.
From Table 1, it is observed that masses and radii are increased with increase of the orbital
quantum number (L) or principle quantum number (n). It shows that mass and radii increase
with radial and orbital excitations. The similar behaviour is observed in ref.[4] while working
on Σ+g and Πu states of charmonium meson.
It is observed from Table 2 that slope (α) decreases and intercept (α0) increases toward
higher states. As observed from Table 1 that mass is increased toward higher states, so it
can be concluded that slopes decrease (or intercepts increase) with increase of mass. Similar
characteristic of the Regge trajectories is observed in [13] for charmed strange mesons. The
slopes (α) of trajectories presented with respect to angular momentum are found to be greater as
compared to the slopes (β) of trajectories presented with respect to principal quantum number.
The similar behaviour is observed in ref.[12] in which slopes of trajectories with the orbital
excitations is found to be in average 1.3 times greater than the slope of the trajectories with
radial excitation for the light mesons.
In fig.5, 1S0 and
3S1 states trajectories are almost same. Similarly for P states with different
spin quantum number andD states with different spin quantum numbers, trajectories are almost
same. From figs. (1-5), it is observed that the calculated masses of Σ−u state hybrid charmonium
fit to the linear trajectories presented in (M2, J) and (M2, n) planes. It is also observed that the
trajectories are almost parallel. Same characteristics for conventional mesons trajectories are
observed in [12, ?, 11]. These Regge trajectories can be helpful for the identification of higher
excited states.
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